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This paper presents dynamic design techniques—namely, continuous-time event-triggered control
(CETC), periodic event-triggered control (PETC) and self-triggered control (STC)—for a class of unstable
one-dimensional reaction-diffusion partial differential equations (PDEs) with boundary control and an
anti-collocated sensing mechanism. For the first time, global exponential stability (GES) of the closed-loop
system is established using a PDE backstepping control design combined with dynamic event-triggered
mechanisms for parabolic PDEs—a result not previously achieved even under full-state measurement.
When the emulated continuous-time backstepping controller is implemented on the plant using a zero-
order hold, our design guarantees L2*-GES through the integration of novel switching dynamic event
triggers and a newly developed Lyapunov functional. While CETC requires the continuous monitoring of
the triggering function to detect events, PETC only requires the periodic evaluation of this function. The
STC design assumes full-state measurements and, unlike CETC, does not require continuous monitoring
of any triggering function. Instead, it computes the next event time at the current event time using only
full-state measurements available at the current event time and the immediate previous event time. Thus,
STC operates entirely with event-triggered measurements, in contrast to CETC and PETC, which rely
on continuous measurements. The well-posedness of the closed-loop systems under all three strategies is
established, and simulation results are provided to illustrate the theoretical results.

Keywords: PDE backstepping; event-triggered control; periodic event-triggered control; self-triggered
control; global exponential stability; dynamic event-triggering.

1. Introduction

Event-triggered control (ETC) is an advanced feedback control strategy that updates the control signal
based on specific triggering conditions rather than at fixed time intervals, as seen in traditional periodic
sampled-data control. By selectively executing control updates only when necessary, ETC minimizes
bandwidth usage, reduces computational demands and conserves energy, making it particularly advan-
tageous for networked control systems (NCS) and embedded applications.
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2 B. RATHNAYAKE AND M. DIAGNE

An ETC system has two integrated components: a feedback control law that ensures stability and a
triggering mechanism that determines when control updates take place. For ETC to function properly
and avoid Zeno behaviour—where infinite updates occur in finite time—a minimum time interval must
be enforced between consecutive events. Consequently, the primary challenge in designing a triggering
condition lies in ensuring the existence of a lower bound for the minimum dwell time (MDT). Static
triggering mechanisms use fixed conditions based on the system’s state and output to decide when an
update is necessary. These conditions are predefined and typically involve threshold-based rules, making
implementation straightforward but potentially conservative in terms of triggering frequency. Dynamic
triggering mechanisms, on the other hand, introduce additional dynamics, such as internal variables or
timers, to adaptively regulate the triggering condition. This flexibility helps reduce unnecessary updates
while still maintaining stability and performance.

ETC for finite-dimensional systems. Building on early research in digital computer design for
closed-loop systems (Monaco & Normand-Cyrot, 1985; Hsu & Sastry, 1987), foundational contributions
to ETC include the development of event-based proportional—integral—derivative controller (PID) control
(Aarzén, 1999) and event-based sampling for first-order stochastic systems (Astrém & Bernhardsson,
1999). Over the past decade, the field has grown significantly, with novel design strategies emerging for
systems governed by ordinary differential equations (ODEs) (Mazo & Tabuada, 2008; Heemels ef al.,
2012; Girard, 2015; Liu & Jiang, 2015; Tallapragada & Cortés, 2016; Taylor et al., 2021). This progress
has further extended to ETC frameworks for systems described by partial differential equations (PDEs),
broadening the scope of applications and theoretical advancements in the field.

ETC for infinite-dimensional systems. Both parabolic and hyperbolic class of PDEs have been
studied through the lens of ETC:

* Recent progress in ETC for parabolic PDEs addressing both static and dynamic event-triggering
mechanisms includes Espitia et al. (2021); Katz et al. (2021); Rathnayake & Diagne (2022);
Rathnayake et al. (2022a,b); Kang et al. (2023); Koga et al. (2023); Wang & Krstic (2023a); Demir
et al. (2024); Koudohode et al. (2024); Lhachemi (2024) and Rathnayake & Diagne (2024a). Full-
state feedback static event-triggering mechanisms for reaction-diffusion (RD) PDEs using PDE
backstepping are proposed in Espitia er al. (2021) and Koudohode et al. (2024), while dynamic
event-triggering mechanisms are found in Rathnayake ef al. (2022a,b) and Wang & Krstic (2023a).
Adaptive dynamic ETC is presented in Wang & Krstic (2023a), where uncertain plant parameters are
estimated through update laws. Observer-based modal decomposition methods for dynamic ETC of
RD PDEs are detailed in Katz ef al. (2021) and Lhachemi (2024). For parabolic PDEs with moving
boundaries, static event-triggering using PDE backstepping is discussed in Rathnayake & Diagne
(2022) and Koga et al. (2023), requiring full-state measurements. Dynamic event-triggering in the
same context is presented in Demir et al. (2024) and Rathnayake & Diagne (2024a), with Demir et al.
(2024) proposing a full-state feedback design and Rathnayake & Diagne (2024a) an observer-based
design. In Kang et al. (2023), the authors introduce a full-state feedback dynamic ETC method for
nonlinear RD PDEs. For RD PDEs with input delays full-state feedback ETC design is developed
in Koudohode et al. (2024), whereas output feedback design can be found in Yuan et al. (2025).
Globally exponentially stabilizing event-triggered gain-scheduling designs are developed in Karafyl-
lis et al. (2021) for RD PDE with space- and time-dependent reactivity using PDE backstepping
control.

* Research on ETC for hyperbolic PDEs spans a variety of interesting results. Static event-triggering
mechanisms have been investigated in Espitia ef al. (2016); Baudouin er al. (2019); Diagne &
Karafyllis (2021); Koudohode et al. (2022) and Strecker et al. (2024), addressing linear hyperbolic
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 3

systems (Espitia ef al., 2016), damped wave equations (Baudouin er al., 2019; Koudohode et al.,
2022), nonlinear hyperbolic PDEs in manufacturing (Diagne & Karafyllis, 2021) and 2 x 2 semilinear
systems (Strecker et al., 2024). These approaches generally rely on full-state feedback, except for
Espitia et al. (2016), which uses output feedback. In contrast, dynamic event-triggering is the focus
of Espitia et al. (2020); Espitia (2020); Wang & Krstic (2021); Espitia et al. (2022a); Wang & Krstic
(2022a); Espitia et al. (2022b); Wang & Krstic (2022b, 2023b) and Zhang & Yu (2024), which study
the case of 2 x 2 linear hyperbolic PDEs (Espitia, 2020; Wang & Krstic, 2021, 2022a,b, 2023b)
and 4 x 4 systems (Espitia et al., 2022a,b; Zhang & Yu, 2024). The extension of event-triggered
gain scheduling to 2 x 2 hyperbolic PDEs with space- and time-dependent coefficient is established
(Auriol & Espitia, 2024).

Periodic ETC and self-triggered control for finite-dimensional systems. Reducing the compu-
tational load of ETC, which requires continuous monitoring of the event-triggering mechanism for
control updates, periodic event-triggered control (PETC) only checks for event-trigger conditions at
fixed intervals—periodically—to decide whether an update of the control signal is necessary. This periodic
checking reduces the need for constant state monitoring, improving efficiency while still addressing
control needs when required (Heemels ez al., 2013). Numerous studies have explored the application of
PETC to ODE systems in the recent years (Borgers et al., 2018; Fu & Mazo, 2018; Linsenmayer ef al.,
2019; Wang et al., 2020; Seidel et al., 2024) since the pioneering work of Heemels & Donkers (2013)
and Heemels et al. (2013). Taking PETC a step further, self-triggered control (STC) eliminates the need
for periodic updates by determining the next time an update is required, based on the system’s state
at current and/or past triggering instants. This approach not only enhances efficiency but also reduces
communication and computational overhead. Notable results on STC for ODE systems include Mazo &
Tabuada (2008); Mazo et al. (2009); Anta & Tabuada (2010); Yang et al. (2019); Yi et al. (2019); Wan
et al. (2021) and Cao et al. (2023).

Periodic ETC and STC for infinite-dimensional systems. A few studies have explored STC
and/or PETC strategies for infinite-dimensional systems, including Selivanov & Fridman (2016);
Wakaiki & Sano (2020, 2022); Rathnayake & Diagne (2024b) and Rathnayake & Diagne (2023).
In Selivanov & Fridman (2016), the authors propose a PETC approach for a network of semilin-
ear diffusion PDEs with in-domain actuation and distributed or point measurements. Using semi-
group theory, Wakaiki & Sano (2020) develops a full-state feedback PETC mechanism for infinite-
dimensional systems with unbounded control operators, while Wakaiki & Sano (2022) introduces
a full-state feedback STC approach for systems with bounded control operators. In Rathnayake &
Diagne (2024b), the first PETC and STC PDE backstepping boundary control design is presented
for a class of RD PDEs using boundary measurements. The observer-based PETC extension to
diffusion PDEs with moving boundaries, including the one-phase Stefan problem, is discussed in
Rathnayake & Diagne (2023). The extension of PDE backstepping PETC and STC to 2 x 2 hyper-
bolic PDEs with anti-collocated boundary actuation and sensing is achieved in Somathilake et al.
(2025).

PETC and STC are well-suited for digital implementations, as the triggering conditions or determi-
nation of the next event time can be efficiently processed using standard time-sliced digital software.

Contributions. This work presents observer-based ETC, PETC and STC designs for a class of RD
systems, ensuring global exponential stability (GES) through a dynamic triggering mechanism based
on the backstepping method. Similar results have been proposed for 2 x 2 coupled hyperbolic PDEs
in Rathnayake & Diagne (2026). Through time regularization, our approach allows for the explicit
selection of a suitable MDT 7 > 0, inherently ensuring Zeno-free behaviour. The idea of applying
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4 B. RATHNAYAKE AND M. DIAGNE

time regularization to guarantee a MDT and incorporating a switching dynamic variable has been
explored before in the context of PDE-based ETC. For instance, Katz ef al. (2021) and Kang et al.
(2023) present dynamic ETC schemes for parabolic PDEs, relying on a modal decomposition approach
and linear matrix inequality techniques. Nevertheless, our approach draws its main inspiration from
Dolk & Heemels (2017) and Dolk et al. (2017a,b), which develop dynamic ETC methods for NCS
modelled by ODEs, making use of switching dynamic variables. We construct a switching dynamic
variable that remains nondecreasing between the last event at time i and the MDT, after which it
is permitted to decrease until the next event occurs at the zero-crossing of the dynamic variable. By
carefully designing the switching dynamics, selecting appropriate initial conditions at each event and
determining a suitable MDT t > 0 based on a state-independent dynamic reset variable, we ensure
that the Lyapunov function remains dissipative along the closed-loop system dynamics, even with the
event-triggered application of the control input using a zero-order hold. Previous studies using a similar
approach—integrating dynamic triggering conditions with PDE backstepping—have achieved global
exponential convergence rather than GES (Espitia et al., 2020; Espitia, 2020; Wang & Krstic, 2021;
Espitia et al., 2022a; Rathnayake et al., 2022a; Wang & Krstic, 2022a; Espitia et al., 2022b; Rathnayake
et al., 2022b; Wang & Kirstic, 2022b, 2023a,b; Demir et al., 2024; Zhang & Yu, 2024; Rathnayake
& Diagne, 2024a; Rathnayake et al., 2025; Zhang et al., 2025). In these works, the enforcement of
an MDT to prevent Zeno behaviour depends on a nonzero initial condition for the dynamic event
trigger, which inherently obstructs GES. Unlike existing static (Espitia et al., 2021; Rathnayake &
Diagne, 2022; Koga et al., 2023; Koudohode et al., 2024; Strecker et al., 2024) and dynamic event-
triggering (Espitia et al., 2020; Espitia, 2020; Wang & Kirstic, 2021; Espitia et al., 2022a; Rathnayake
et al., 2022a; Wang & Krstic, 2022a; Espitia et al., 2022b; Rathnayake et al., 2022b; Wang & Krstic,
2022b, 2023a,b; Demir et al., 2024,?; Zhang & Yu, 2024; Rathnayake & Diagne, 2024a,b; Rathnayake
et al., 2025; Somathilake er al., 2025; Zhang et al., 2025) strategies for PDE backstepping control,
which require continuous measurements, our STC framework operates using only event-triggered
measurements.

In summary, we propose three main contributions in this work. First, we develop a novel observer-
based PDE backstepping continuous-time event-triggered control (CETC) for a class of RD PDEs,
by constructing a novel dynamic event-trigger as well as a novel Lyapunov functional to ensure
GES of the resulting closed-loop system. Second, we introduce a novel observer-based PETC for
a class of RD PDEs, guaranteeing GES. Finally, we present a novel full-state feedback STC for
a class of RD PDEs, which ensures GES and operates using only measurements at the triggering
instants.

The paper is organized as follows. Section 2 states problem formulation and preliminaries. In
Sections 3-5, we introduce the CETC, PETC and STC designs, respectively. Simulation results are
presented in Section 6, and concluding remarks are provided in Section 7.

1.1. Notations

Let R be the set of real numbers, R_, be the set of positive real numbers, and R., be the set of
non-negative real numbers including zero. Let N be the set of natural numbers including 0, and let
N_ be the set of natural numbers greater than 0. By L?(0, 1), we denote the equivalence class of
Lebesgue measurable functions f : [0,1] — R such that |[fll;2¢¢1):r) = (fol IF o) 12dx)'? < oo.
Define CO(I ; L2((0, 1); R)) as the space of continuous functions u(-, ¢) for an interval I € R_ such that
31— u(- 1) € L2((0,1);R).
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 5

2. Preliminaries and problem formulation

Consider the following one-dimensional RD PDE with constant coefficients:

u,(x, 1) = eu, (x,1) + Au(x, 1), ¥x € (0, 1), 2.1)
u,(0,1) =0, (2.2)
u (1,t) = —qu(1,t) + U, (2.3)

forallt € (tj, Lt ),j € N. The set {tj } ieN is the set of control update times that will later be characterized
under CETC, periodic event-triggered control (PETC) and STC strategies. The initial condition is such
that u[0] € L2(0, 1), and the coefficients ¢, A, g are all positive. The input U/ is held constant for all
te [tj,tj+1),j e N.

AssumpTION 1. The parameters g, A, ¢ > 0 satisfy the following relation:

A 1

Assumption | plays a crucial role in guaranteeing the stability of the target system in PDE
backstepping. This is because we deliberately exclude the use of the signal u(1,?) from the nominal
control law. Such exclusion is essential in the context of ETC due to the challenges in establishing
a meaningful bound on the rate of change of u(l,f). Additionally, it is important to highlight that an
eigenfunction expansion of the solution to (2.1)—(2.3) under zero input (U(#) = 0) reveals that the system
is unstable whenever A > em2/4, regardless of the value of ¢ > 0.

In Rathnayake et al. (2022a), an observer is proposed for the system (2.1)—(2.3), utilizing u(0, 1)
as the available boundary measurement. This leads to an anti-collocated configuration for sensing and
actuation. The corresponding design is outlined below. The observer state & satisfies

i,(x, 1) = it (x, 1) + Au(x, 1) + p; (0)u(0,1), forallx € (0, 1), (2.5)
1,(0,1) = p,oit(0, 1), (2.6)
u.(l,1) = —qu(l,H)+ U, 2.7)

forall ¢t € (tj, tj+1),j e N with 2[0] € L*(0, 1), where

w(x, 1) :=ux,t) — u(x, 1), (2.8)

is the observer error satisfying
i, (x, 1) =it (x, 1) + Ait(x, 1) — p; (0)u(0,1), forallx € (0,1), (2.9)
1,0, 1) = — pyii(0, 1), (2.10)

i (1,0 = — qi(1, 1), @2.11)
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6 B. RATHNAYAKE AND M. DIAGNE

for all ¢ > 0. The terms p; (x) and p,, are the observer gains satisfying

p1(x) = sPy(x, 0),Vx € (0,1), (2.12)
— (2.13)
Pio = 2% .

where

q& R — A \% % + q2
P(x,y) =—8/0 eTIO(/EQ—x—y)(x—y—r)) sinh (Tr)dr

b h (VE( =2 =1 -0?)

: (2.14)
VE =92 = -2

for all 0 < y < x < 1. The observer gains (2.12)—(2.14) are determined using the PDE backstepping
technique equipped with the Volterra transformation

ulx,t) =wx,t) — /X P(x, y)w(y, Hdy, (2.15)
0

defined in the domain 0 < y < x < 1. By applying the transformation (2.15), (2.14) along with
the observer gains (2.12)—(2.14), the observer error system (2.9)—(2.11) is converted into the following
observer error target system

W, (x, 1) = ew, (x, 1), forall x € (0,1), (2.16)
.(0,1) = 0, 2.17)
W (1,1) = —gw(l, 1), (2.18)

valid for all # > 0. The inverse transformation of (2.15) is

w(x, ) = u(x,t) +/ Ox, yyw(y, t)dy, (2.19)
0

where

A

as e o [ . —i 4
o(x,y) =—€/ e JO(\/—(2 —x—Vx—y— ‘L’)) sinh (—r)dr
[—2 g2l € 2

H(VE -2 = -2))
VA =32 = (1 - ?)

A
——-(=y) ) (2.20)
&

forall0 <y<x<1.
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 7

In Rathnayake e al. (2022a), the following sampled-data boundary control law is derived

1
U= / k()ir(y. 1))dy, 2.21)
0

which can be implemented alongside a suitable event-triggering mechanism, for all # € [;,7;,;),j € N
where k(y) is the control gain

k(y) :=rK(l,y) + K. (L, y), (2.22)
with
A
r=gq-— % (2.23)
and

A L(VAG2 =y /e)

K(XJ’) =——X

€ A -y /e

for all 0 <y < x < 1. The control gain k(y) is determined using the PDE backstepping method, which
incorporates the Volterra transformation given by

(2.24)

wix, 1) = ia(x, 1) — /x K, y)u(y, 1) dy, (2.25)
0

forall 0 < y < x < 1. Applying the transformation (2.25), (2.24), and considering the control input
defined in (2.21)—(2.24), the observer is converted into the following observer target system

w,(x, 1) = ew,.(x, 1) + g)w(0,1), forall x € (0, 1), (2.26)
w,(0,1) = pw(0,1), (2.27)
Wo(1,8) = —riv(1,0) + d(o), (2.28)

forallt (tj, tj_H),j € N, where
)\' X
80 = py 9 — 5K(5.0) - /0 K, y)py (), (2.29)
for all x € (0, 1), and

1
40 = [ k0 i01) i 0)by. (2.30)
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8 B. RATHNAYAKE AND M. DIAGNE

for all t € [tj, l 11),J € N. The term d(¢) represents the difference between the sampled-data control
input and the corresponding continuous-time control input. The inverse transformation of (2.25) is

u(x, 1) = wix, 1) + /X L(x, y)w(y, t)dy, (2.31)
0

where L(x,y) satisfies

L Ay (\/)»(xz —yz)/a)
(x,y) =——X s

& Ja?—y?)/e

forall 0 < y < x < 1. In the following sections, we introduce different triggering mechanisms—
continuous-time event-triggering, periodic event-triggering and self-triggering—to determine the control
update instants {z;};cy that guarantee GES.

The following proposition establishes the well-posedness of the closed-loop system (2.1)—(2.8),
(2.12)—(2.14), (2.21)—(2.24) considering piecewise constant inputs between successive sampling
instants.

(2.32)

ProposiTioN 1 (Rathnayake et al., 2022a). For every u[tj], it[tj] € L2(0, 1), there exist unique solutions
u,i: [t 14110, 1] — R between two time instants t;and ;| such that u, ie CO([tj, il L2(0,1))N
CH((t, 1;41) x [0,1]) with u[z], 4[] € C*([0,1]), which satisfy (2.2), (2.3), (2.6), (2.7), (2.13), (2.14),

(2.21)~2.24) forall 1 € (1,1 1] and (2.1), (2.5), (2.12), (2.14) for all t € (¢}, £;,11, x € (0, 1).

3. Continuous-time ETC

In this section, we introduce an event-triggering strategy that updates control actions only at specific
instances while necessitating continuous monitoring of the triggering function to identify these events.
This approach is referred to as continuous-time event-triggering. The proposed mechanism involves
constructing a switching dynamic variable that absorbs the effects of control input sampling, ensuring
the GES of the closed-loop system. The specifics of the design are outlined below.

DeriNiTioN 1. Let n > 0 and By, B,, B3 > O satisfying 8, + B, + B3 > 0 be free event-trigger parameters,
and let p > 0 be an event-trigger parameter to be determined later. The set of CETC event times I =

{t;}jen s defined as an increasing sequence satisfying lim;_, . #; = 400 according to the rule:

tiy =1inf {t > 1, + 7 | m(t) < 0}, 3.1)

with 7y = 0, where 7 > 0 represents the MDT to be selected, and the function m(f) evolves as follows:
(t) = — nm(®) + By al]1> + Byii* (1. 1) + B3it* (0, 1), (32)
forall ¢ € (z,, i+ 7),j € N, and

m(t) = — nm(t) — pd* (1) + By 1ALl + Boi* (1,6) + B3°(0, 1), (3.3)
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 9

for all ¢ € (tj + 1.1 11).J € N, where the initial condition is m(t;) = m(0) = 0. Moreover, at each
event time, m(7;) = 0 forj € N_, is to be appropriately selected. At ¢ = #; + 7, it is chosen that
m((tj + 'L’)_) = m(tj + 1), j € N ensuring continuity. In (3.3), the term d(¢) is given by (2.30).

Prior to presenting the main results under CETC, we first establish several auxiliary results stated in
Lemmas 1-3. These results play a crucial role in proving the main findings outlined in Theorem 1.

Lemma 1. Consider a CETC approach of the form (2.21)—(2.24), (3.1)-(3.3), which generates a set of
increasing event times I = {;};c with 7, = 0, satistying lim;_, 7; = +o0c. Then, for the dynamic
variable m(t) governed by (3.2), (3.3), initialized at m(0) = 0, with m(tj) > 0forj € N_j to be
specified, and satisfying m((tj + ‘L’)_) = m(tj + t) forj € N, where t > 0 is the MDT to be selected, it
follows that m(#) > 0 for all ¢ > 0.

Proof. Let m(tj) for j € N_ be such that m(tj) > 0. Then, from (3.2), it follows that
t
m(t) =e™" "W m(t) + / 1D (BN + By (1,6) + B3I (0.6))d =0, (3.4)
]
for all t € (¢, 1 + t] and j € N. Once ¢ reaches t = i+, the evolution of m(¢) follows (3.3), and

an event is triggered at t = liti when m(tj+1) = 0 based on (3.1), ensuring that m(¢#) > 0 for all
1 € (tj+7,1;,,), where j € N. By following this reasoning iteratively, starting with m(#y) = 0 and letting

m(tj) > 0,7 € N_, it can be concluded that m(¢) > 0 for all £ > 0. O
Lemma 2. Consider a set of increasing event times [ = {t;};cy with 7, = 0, satisfying lim;_, ., #; = +o0.
Then, for d(¢) given by (2.30), it holds that
d*(1) <pyd® (1) + o |AlA]* + ey (1,1) + a3 0, 1) (3.5)
forallt e (tj, th),j € N, where
oy = 4k (1), (3.6)
! 2
o) = 4/ (sk”(y) + ek(Dk(y) + /\k(y)) dy, (3.7
0
ay = 4(eqk(1) + K (1)), (3.8)
Ak(0) ! 2
a =422+ [komoa) (39)
0

with p, (y) and k(y) given by (2.12) and (2.22), respectively.

The proof is similar to that of Rathnayake et al. (2022a), and hence omitted.
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10 B. RATHNAYAKE AND M. DIAGNE

LemMma 3. Consider a set of increasing event times / = {tj}jeny With 75 = 0, satisfying limj_) o lj = +00.
Further, consider a piecewise right continuous function f(7) : R, , — R_, that satisfies
2
) - 1) — t) —a,, Vte(t,t ,
i = |0 —aro —a (1,4 7) G10)
0, Vte(tj+1:,tj+l),

for j € N, where t > 0is the MDT, and qy,a;,a, > O, withf(tj) =w >0 andf((tj + t)’) =
f(tj+ 1) = wy > 0 and wy < w;. Then, the following results hold:

R1: The MDT 7 > O is
w1 1
T = —ds. 3.11
/wo azs2 +a;s+ay ( )

R2: Forj € N, the function f () strictly decreases when ¢ € [tjtj + 1) and remains constant when
te [tj + 7, tj_H). Specifically, the function f(¢) reduces fromf(tj) = tof(tj + 1) = w, for
allt e [t 1, + ), and remains at f(f) = w, forall 7 € [t + 7. 140).

Proof. By considering (3.10), we can readily establish that the duration required for () to transition
from w; > 0 to wy > 0, denoted as 7, is given by (3.11). Additionally, from (3.10), it follows that for
allt € (tj,tj + 1), the derivative f (#) remains negative whenever f(f) > 0, ensuring a strictly decreasing
behaviour of (7). Consequently, f(#) monotonically decreases over the interval 7 € [1;,1; + 7), moving
fromf(tj) = w; tof(tj + 1) = w,. However, sincef(t) =O0forallt e (tj + T, th), the function f(¢)
remains constant at f(#) = wy, throughout the interval ¢ € [tj + 7,0, D- Il

REmARK 1. By applying partial fraction expansion, the MDT given in (3.11) can be expressed as

ol ) s if A =0,
a (wﬁ-z%) (wo+2a‘712)
Ja
5 (@1—wo)
1 a .
—ﬁln(l—i— 2 ), if A >0,
T=)va (w1+al;,;/z) (wo-i-ﬂz_a;ﬂ) 312)
2 1( %(‘“1*‘”0) ) fA<0
———tan~ — 1 <
/—A 442 4 B ) 5
1—72(‘“1+ﬁ) (“’0+ﬁ)
where
A= d} — 4aya,. (3.13)

As will be discussed later, the parameters a;,a, > 0 and w; > w, > 0 are freely selectable, while
ay > 0 must be chosen appropriately.

The following theorem establishes the GES of the closed-loop system (2.1)—(2.3), (2.5)—(2.14) under
the CETC framework defined by (2.21)—(2.24), (3.1)—(3.3).
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 11

THEOREM 1. Consider the CETC approach (2.21)—(2.24), (3.1)—(3.3), which generates a set of increasing
event times / = {tj}jeN with 1, = 0, satisfying limj_)C>o 1= +00. For every u[0], 4[0] € LZ(O, 1), there
exist unique solutions u, : R x [0,1] — R such that u,it € CO(R+;L2(0, 1) N C'(J x [0, 1]) with
ult] € C%([0,1]) which satisfy (2.2), (2.3), (2.6), (2.7), (2.13), (2.14), (2.21)—(2.24) for all t > 0 and
(2.1), (2.5), (2.12), 2.14) for all t > 0,x € (0, 1), where J/ = R \/. Let the event-trigger parameters
B1 B2, B3 = 0be chosen such that 8 + B, + 85 > 0, and let n > 0. Further, leta;,a, > 0,0 > @y > 0,
and let a > 0 be chosen such that

e B pg
=40 3.14
% 2 a, ( )

where p; > 01is given by (3.6), and subject to Assumption 1, the parameters B, x; > 0 are chosen such
that

B(8min{r——,—}—i——— lel )—2ﬂ1L2—4,32L2—2,32_(“1 tanl”+20)

2°2 2k 8Ky K3 a,
(3.15)
for some k5, k3 > 0, where o}, o, > 0 are given by (3.7), (3.8), and
- Lopx 5 1/2
i=1+ (/ / L (x,y)dydx) , (3.16)
0 Jo
and
Y 1 5 172
L= (/ L2(Lydy) (3.17)
0
with L(x,y) given by (2.32). Let the event-trigger parameter p > 0 be chosen as
p = aza)(z) + ayjwy + ag. (3.18)

Further, let the MDT 7 > 0 be chosen as in (3.11), and initial conditions of m(¢) satisfying (3.2), (3.3)
be chosen as

m(ty) = m(0) =0, (3.19)
m((t; +1)7) = m(t; + 1), forj €N, (3.20)
m(t)) = w0d2(rj—), forj e N_,. (3.21)

Then, under the CETC approach (2.21)—(2.24), (3.1)—(3.3), the closed-loop system consisting of the
plant (2.1)—(2.3) and the observer (2.5)—(2.14) is globally exponentially stable. More specifically, the

E)
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12 B. RATHNAYAKE AND M. DIAGNE

following estimate holds:
lule1l| + L1 < M, eV ([lufO] ] + Ia0]])), (3.22)

for all ¢ > O, where M,,. > 0 and v},. > 0 are some positive constants.

C

Proof. The well-posedness in the sense of Theorem 1 is obtained by applying Proposition 1 iteratively
in between two events.
Let us consider the following Lyapunov candidate

V, (1) = V() + f(1)d* (t) + m(D), (3.23)
with

A ~ 2 B ~ 2
Vi@ = S Iwlal™ + S 1wl (3.24)

where w satisfies (2.16)—(2.18), w satisfies (2.26)—(2.30), m(¢) satisfies (3.2), (3.3), and f () satisfies
(3.10). Recall from Lemma 1 that m(#) > O for all # > 0, and note from Lemma 3 that f() > 0 for all
t > 0. Let B > 0 be selected as in (3.15), and let A > 0 be selected such that

1 } _s ()\ICZB ﬁ n &

I 4 ﬁ) >0, (3.25)

, 1
Agmln{q_“ 8 4 T2 T
2

22
where a5 is given by (3.9), k,, k3 > 0 are selected such that (3.15) holds, and a, > 0 is freely selected.
Taking the time derivative of V, (7) for all 7 € (#;,1;;,),j € N and integrating by parts, we obtain that

Vi (t) = — Aeqi®(1,1) — Ae||w [1]]|* — reBw?(1,1) + eBd(t)i(1,1)

1
+ %W(O, Hw(0, 1) — e?B||vAvx[t]||2 + B/ g)W(x, )dxw(0, 1). (3.26)
0

From Young’s and Cauchy-Schwarz inequalities, we can obtain that

eBd(Hw(l,1) < ﬁ (1 )+ dz(t) (3.27)
2/(l 2
MB . B . B
SO0 = 170 320,1) + 2B 22520.0, (3.28)
1 2
B/guwumwwanskiﬂ|nn+ W20,1), (3.29)
0 2K3 2

forall t > 0, for «y, k,, k3 > 0. From Agmon’s and Young’s inequalities, we have that
W2(0,1) < WAL D) + W2 + 1w, [A11%, (3.30)

W2(0,1) < WA(L,0) + WA + W, [A11% (3.31)
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 13

for all t > 0. Therefore, we can show from (3.26) using (3.27)—(3.31) that

V10 = — (aeg - 25 - S0)ir ) — (ae - 28 - SV iR + PR

4 4
Mo B o (g BB
+ (52 + )1t - (ren . 4K2)w (1.1
2B IgI?BY oo
= (o8 = 3, ) Iuta? +(4K2 S JIBaIe, (3.32)

forall t € (tj, tj_H),j € N. Now let us consider V,(#) given by (3.23) for all € (tj,tj +1),j € N.
Forall ¢ € (tj,tj +1),jeN:

Taking the time derivative of (3.23) for all # € (#,7; + 7),j € N, using Young’s inequality and
considering (3.2), (3.10), we can write that

V() =V, () + F(6)d> (1) + 2f (1)d(1)d(t) + rn(r)

<V, (1) +FOPD + af2 (1) + aléﬂ(o +sn(t)
2

~ (1eq = "2 - S0)ir a1 — (ae - P22 DB g + “LE e
(U e - (rep - 52 - 12— (e j—Kz)nwx[r]nz
(o + I =) IR — (@0 +af 0 +a0) 0 +aof* 00 + 2L
+ Z—;na[r]nz + a—jiﬂ(l, 0+ Z—;zﬂ(o, 1) = nm(t) + By [ale]|1® + By (1,1) + B3it* (0. 1).
(3.33)
Using Young’s and Cauchy-Schwarz inequalities, we can obtain from (2.31) that
latali> < L wial®, (3.34)
21,0 < 202 (1, 1) + 2L |1Wwla)%, (3.35)

forall 7 > 0, where L and L are given by (3.16) and (3.17), respectively. Thus, considering (3.34), (3.35),
noting from (2.15) that (0, r) = w(0, r) and using (3.30), we can rewrite (3.33) rearranging terms as

V() = = (Aeq = "= = 2= =y = 22}ty — (As — =2= — == — gy — 22 ) i1
2 2

+ (R 5E s )|| (12— (8 - %) I L2

4 2
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14 B. RATHNAYAKE AND M. DIAGNE

B 2B - v o 1:2 + 2« i2 A
S22 181”8 | 5 72 g2+ O a2
4K2 2K3 g

— (g~ 298 22 — a0 — s, (3.36)
2 a,

forallz € (4,1 + 7)) € N. Recalling that a; is selected as in (3.14), we can simplify (3.36) to obtain

. )\KzB K3B a3\ .o )\,KzB K3B (¢ £} ~ 2
Va0 == (e === = 5 = 3= 2)P0 - (e = T = 55— = )it
AcyB k3B a3) - 5 ( ABN 5
—= =) |IwlA|* — (eB — —) t
(TG A 2R = (o8 = L7 )11
B AB 2
- (reB _ 2 g, - ﬂ)wz(l,t)
2 4Ky a,
AB  |gl*B o L2 + 20,12\
(5o + 5 + AL +2BL + T2 NI - ayf 0d(0) — m(@). (3.37)
2 213 ay

forall 7 € (1,1, 4 7),j € N. From Poincaré Inequality, we have that

A

i 2 _ 1., [ T

lw, [1I" < W (Lo 4||W[f]|| , (3.38)
i 2_ 1. LT

lw, [1I" < W (1,1 4||W[f]|| , (3.39)

forall # > 0. Noting that (Ae — 228 — 88 _ g, %) 5 gand (eB — ey B) > 0 from (3.25) and (3.15),

a

respectively, and using (3.38) and (3. 39) on (3.37), we can obtain that

— (8B(r— %) - % — % — 28, — %)sz(l,t)
(5 -t~ B - Bl -2 - %)nww

— arf(Od*(t) — nm(2), (3.40)
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 15

forall € (t;,£;+7).j € N. Note again from (3.25) and (3.15) that Ae (g — }) — 222 — 58 — B_m -0
and eB(r — —) — B _AB 2B, — 2‘% > 0. Further, from (3.25) and (3.15), we have that

Upgpe 1= — — =22 37 288273 ., (3.41)

and

= = 0 =g I* 28,17 0. 3.42
U2,etc 4 1 6K2 2K3 .81 ﬁ a, > ( )
Then, we can show for all ¢ € (tj,tj + 1),j € N that
Vy(t) < =200V, (D), (3.43)
with
* . [Vlete V2erc Q1 7
Uezczmm{—Aec,—Bec,E,E}. (3.44)

Forall ¢t € (tj+t,tj+1),j e N:

Forallr e (tj + T, tj_H),j € N, we have that f(1) = vy > 0 (see Lemma 3). Thus, taking the time
derivative of (3.23) for all r € (tj + 1.1, 1)-J € N, using Young’s inequality, considering (3.3), (3.32),
(3.34), (3.35), and noting from (2.15) that u#(0, r) = w(0, f), we can write that

V, () =V, (1) + 2wyd(D)d(t) + ma(t)

2
V10 + a0 + O i)
a
A.KzB KSB ~2
== (pea =7 =)
B B B
~ (4e = 222 BBy i + B2 + (M22 4+ 98 ) i
eB B By lglI*B 2
= (reB = 5o = 4) R0 = (B 2 0)1 []||+(4K2 e It

o L% + 20,12 . 20, , oy
+ ayRd*(r) + 2 fm+LL——ilwwﬁviﬁm0+iM@o—mm
a a a a

— pd?> (1) 4+ (B1L? + 28,3 WA |* + 2B,W*(1, 1) + B3w?(0, 7). (3.45)
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16 B. RATHNAYAKE AND M. DIAGNE

Using (3.30) and rearranging the terms of (3.45), we can obtain

. A.K'2B K3B Ol3 ) )LKzB K3B 013 - 2
Va0 == (e = == = 5 =y = 2)P00 - (e = T = 5 gy = B Imin
A.KzB K3 ) ~ 2 ( A 2
= =) wle)? - (eB — —) t
(55 B IR - (o8 — 27 )it
B B
_ (rsB _ 22 g, - ﬂ)wz(l,t)
2k, 4icy a,
AB  |lg|*B - Y S 1%
+ (— + B L%+ 28,17 + —) al
Ky 2K4 a,
exiB p
- (p il S azwg)dz(t) — (), (3.46)
2 a,

forallr € (4 +, zfj+1),j € N. Recalling that p > 0 is selected as in (3.18) with a given by (3.14), we
can simplify (3.46) to obtain

. My B k3B as\ -, Ay B k3B az\, . 2
Vo) = = (Aeg = S35 = 55 =y = 2) P — (e = 25 = 55— = )11
AcyB k3B a3) . ( ABY 5
== ) wla)? - (eB — —) t
(T A IR = (o8 - ) g
B AB 209\ .o
_ (rsB— 22 - —)w (1,9
2K1 4K2 az
AB lgl’B | N AR 0 N
(= + + B2+ 28,17 + T2 g
4K2 2K3 a2
— aywyd* (1) — nm(?), (3.47)

for all r € (tj + 1.5 11).J € N. Then, following steps similar to (3.38)—(3.42), we can show for all
te (tj+1:,tj+1),j € N that

V, (1) < =202V, (1), (3.48)

where v}, > 0 is given by (3.44). Recall that m(t; 4 7) is chosen such that m((tj +1)7) = m(t; + 1),

and from Lemma 3 thatf((tj +1)7) = f(t; + ) = w,. Further, note that d((tj +1)7) = d(t; + t) and
that |w[¢]|| and ||w|| are continuous. Thus, considering (3.43), (3.48) and (3.23), it can be shown that

V(1) < e Va0V, (1), (3.49)
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 17

forallr e (tj, tj_H),j € N. But we have that
Vo) =V () + £ @) (@) +m()
=Vi(6) + a)odz(tj_) = V(1) + wyd” (), (3.50)

as f (tj_) = w, (see Lemma 3) and m(tj_) = 0 (since events are triggered according to (3.1)). On the
other hand, we have that

Va(t) = V(1) +F)d> (1) + m(1) = Vy (1) + m(1)), (3.51)
as d(tj) = 0. Thus, if m(tj) is chosen as in (3.21), we have that
Vo(6) = Vy(t)). (3.52)
Therefore, using (3.49) and (3.52) recursively, we can show that

Vz(l) Se—ZUm(t—tj) Vz(t]) = e_zvm(’_tj) VZ(tj_)

<e Va1 5 o= ac ==V, 1)

i=j
EE—ZU;‘,C(t—tj) X He_zvgtc(ti_ti—l)vz(())

i=1

=2V v, (0), (3.53)
for all £ > 0. But we have that
V5(0) = V;(0) + £(0)d>(0) + m(0) = V,(0), (3.54)
as d(0) = 0 and m(0) = 0, and
Vi(n) < V5 (), (3.55)

for all # > 0. Thus, it follows from (3.53) that
Vi) < eV, (0), (3.56)

for all # > 0. Then, considering (2.8), (3.24), and the bounded invertibility of the transformations (2.15),
(2.19), (2.25), (2.31), we can obtain that

k1| + LAl < M, eV (|u[0]]] + |[0]]), (3.57)

for all > O for some M,,. > 0. This completes the proof. ]
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18 B. RATHNAYAKE AND M. DIAGNE

Remark 2. The Lyapunov function V,(¢) for the closed-loop system, as defined in (3.23), is carefully
designed to ensure dissipation, even when the system evolves in open-loop between events. To counteract
the effects of control input sampling, the functions f(r)d>(¢) and m(t) play crucial roles, each influencing
different time intervals. Specifically, during ¢ € (tj,tj + 1),j € N, the function f(#), which is strictly
decreasing and modulated by d*(7), helps to mitigate the impact of input sampling. In contrast, during
te (tj +7, l 11).J € N, the dynamic variable m(¢) assumes this role, ensuring dissipation throughout the
process.

4. Periodic event-triggered control

In this section, we introduce a triggering mechanism that updates the control input only at specific events,
requiring only periodic evaluations of the triggering function to detect these events. This approach is
referred to as periodic event-triggering. We formulate a suitable triggering function, (), and derive an
upper bound for the sampling period % used in these periodic evaluations. By periodically assessing ()
and updating the control input whenever m(f) < 0 at an evaluation instant t = nh, n € N, it is ensured
that the dynamic variable m(t), evolving according to (3.2), (3.3) along the PETC trajectory, satisfies
m(t) > 0 for all + > 0. Consequently, GES of the PETC closed-loop system—analogous to the GES
established under CETC in Theorem 1—can be guaranteed. The detailed design is presented below.

DEerNITION 2. Let n, By, B, B3 > 0 be free event-trigger parameters, and let p > 0 be an event-trigger
parameter to be determined later. The set of PETC event times I = {1}y, is defined as an increasing
sequence satisfying lim;_, ., ; = 4-00 according to the rule:

tiyy = inf {1 > 1, + t|i(r) < 0, = nh,h > 0,n € N}, @.1)

where T > 0 is the MDT to be chosen, 2 > 0 is a sampling period to be determined, and 7(z) is the
periodic event-triggering function defined as

() = m() — 2 (e = 1)d(0), 4.2)
a
where a > 0 is given by
a=1+p +n, (4.3)

with p; defined in (3.6), d(¥) is given by (2.30), and m(¢) satisfies (3.2) for all t € (tj,tj +1),j € N,
and (3.3) for all ¢ € (tj + 7.4 11).J € N, with the initial condition m(t)) = m(0) = 0. Moreover, at
each event time, m(;) = 0 for j € N_ is to be appropriately selected. At = #; + 7, it is chosen that
m((tj + r)_) = m(tj + 1), j € N, ensuring continuity.

Prior to presenting the main results under PETC, we first establish several auxiliary results stated in
Lemmas 4 and 5. These results play a crucial role in proving the main findings outlined in Theorem 2.

Lemma 4. Consider the PETC approach (2.21)-(2.24), (4.1)—(4.3), which generates an increasing
sequence of event times I = {1;};cyy with £, = 0, satisfying lim; , 7, = +o0. Also, consider the
dynamic variable m(¢), governed by (3.2), (3.3), along the solution of (2.1)-(2.3), (2.5)-(2.14), (2.21)-
(2.24), (4.1)-(4.3), with initial condition m(#y) = 0, with m(zy) = 0, m(tj) > 0,j € N_ to be chosen,
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 19

and m((tj + r)_) = m(tj + 17),j € N, where t > 0 is the MDT to be chosen. Further, let the sampling
period i > O be chosen such that

0 < h < minft,7,7,, 73}, and t/h € N, 4.4)
where
1 ,
7 :=-1n(1+@), i=1,2.3, 4.5)
a o;p

with a given by (4.3) and for any 8, B,, B3, 1n, 0 > 0, and &y, &tp, 3 > 0 given by (3.7)—(3.9). Then, it
follows that

,mnzf(%mmm—%wawﬁ—nfmm)e“tm% (4.6)
a

forallr € [nh, (n+ l)h) andn € [(t] + 1)/h, th/h) N N. In (4.6), d(¢) is given by (2.30).

Proof. If m(ty) = 0, m(tj) > 0,j € N_ to be chosen, and m((tj + 'L’)_) = m(tj + 1),j € N, it follows
from arguments similar to those in Lemma 1 that m(¢) > 0 for all r € (z;, i+ t],jeN.

Fort € (nh,(n+ 1)h),n € [(tj +1)/h,ti ] h) N N, applying Young’s inequality and incorporating
(3.5), we obtain:

%dz(t) = 2d(d(t) < d*(t) + d* ()

< (1+ pd* (1) + e | AA* + 0% (1, 1) + a3 (0, ). 4.7)

Since both sides of (4.7) are well-defined, there exists a function ¢(¢) > 0 such that:

%dz(t) =(1 4 p)d*(t) + a |a[A)]|> + i (1,0) + a3 (0, 1) — 1(1), (4.8)

forall 7 € (nh, (n + 1)h) and n € [(tj +o)/h, th/h) AN.
Combining (3.3) with (4.8), we obtain the system:

z2(t) = Az(t) + ¥ (), 4.9)
where:
_ | m@® _|=n -
20 = [dz(t)]’ ”Q{‘[o 1+p1:|’

BIIAIAN + Boi*(1,1) + Bt (0, 1) ]

a1l + api® (1, 1) + a3ii?(0, 1) — u(2) (4.10)

v () =[
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20 B. RATHNAYAKE AND M. DIAGNE

The solution for (4.9) is given by:
t
(1) = e M z(nh) + / e =0y (£)d, 4.11)
nh

forall t € [nh,(n+ 1)h) and n € [(tj + 1)/h, tj+1/h) N N. Consequently,

t
m(t) = Ce” " z(nh) + / Ce™ =y (8)de, (4.12)
nh
where
c=[1 0] (4.13)

o't

The eigenvalues of o/ are —n and 1 + p,. Using matrix diagonalization, we express ¢/’ as:

of - e M 0 12
e t=|:0 1ai| |:O S+ | | o 114 , (4.14)

where a is given by (4.3). Therefore,

Ce” Oy &) =(B181(1 — ) — 1820 — §)) g1
+ (Bag1 1 = ) — argat — )i (1,1)
+ (B3 = &) — ayey 1 — )00
+ 5t = )u(6), (*.15)
where

g =eM=0, g0 =L@~ De = 0. (4.16)
a

Considering (4.16), recalling that nh < & < t < (n + 1)h, and that 4 > 0 has been chosen as in
(4.4)—(4.3), it can be shown that

Big1(t —&) — g (t—§)

_ %P (1 L Pe ea(t—é))e—n(t—é)

a o;p
Znyﬁzﬁﬂfw
a o0

>0, 4.17)
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 21
for i = 1,2, 3. Thus, it follows from (4.15) that
Ce” "y (&) > 0, (4.18)

forall #,& suchthatnh < & <t < (n+ 1)h,andn € [(tj + 1) /h, tj+1/h) N N. Therefore, considering
(4.12) and (4.18), it can be shown that

m(t) > Ce” =" z(nh)

— B(Em(nh) — (et 1)d2(nh))e—"<’—"h). (4.19)
a\p
forall t € [nh, (n+ 1)h) and n € [(tj +1)/h, tj+1/h) N N. This concludes the proof. O

LemMma 5. Consider the PETC approach (2.21)—(2.24), (4.1)—(4.3) which generates a set of increasing
event times / = {1;};cy with 7, = 0, satisfying lim;_, , #; = +00. Also consider the dynamic variable
m(t) governed by (3.2), (3.3) along the solution of (2.1)—(2.3), (2.5)—(2.14), (2.21)—(2.24), (4.1)—(4.3)
with m(ty) = 0, m(1;) > 0,j € N_; to be chosen, and m((tj +1)7) = m(t; + 1),j € N, where 7 > 0
is the MDT to be chosen. Let the sampling period # > 0 be chosen as in (4.4), (4.5). Then, it holds that
m(t) > 0 forall ¢t > 0.

Proof. Suppose an event is triggered at time # = ¢; and that m(#;) > 0, j € N. From Lemma 4, it follows
that /m(#) remains non-negative over the interval (;,7; + 7], for all j € N. The periodic event-triggering

mechanism, defined in (4.1)—(4.5), is evaluated at discrete instants t = nh. An event is triggered only if
t=t+1 and m(nh) < 0, which corresponds to the condition

m(nh) < g(e“h — 1)d(nh), (4.20)

indicating that a control update is required. Conversely, when # > #; 4 7 and m(nh) > 0, that is,

ko)

m(nh) > E(eah — 1)d*(nh), (4.21)

no update is necessary, as it can be ensured that m(r) > 0 for all ¢ € [nh, (n+ 1)h). This follows from the
fact that the right-hand side of (4.6) remains non-negative for all t € [nh, (n + 1)h) when m(nh) satisfies
the stated inequality. Consequently, m(f) remains non-negative at least until # = #; |, where rh(tjjrl) <0,
ie.

_ 0/ 4 _
mitj ) < (e " 1)d (1) (4.22)

At this point, a control should be updated, and m(tj 11) > 0is selected. Thus, recalling that the initial
conditions are chosen as m(f;) = 0 and m(tj) > 0 for all j € N, it follows that m(¢) > 0 for all
1€ (t;+1,1;,,), forevery j € N. Since the sequence of event times does not lead to Zeno, this implies
m(t) > 0 for all r > 0, completing the proof. (]
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22 B. RATHNAYAKE AND M. DIAGNE

THeOREM 2. Consider the PETC approach (2.21)—(2.24), (4.1)—(4.3), which generates a set of increasing
event times {t;};cy with 7, = 0, satisfying lim; , ,#; = +oo. For every u[0],u[0] € L*(0,1), there
exist unique solutions u, % : R x [0,1] — R such that u, 2 € CO(R+;L2(0, )N C'(J x [0, 1]) with
ult] € C*([0,1]) which satisfy (2.2), (2.3), (2.6), (2.7), (2.13), (2.14), (2.21)—(2.24) for all t > 0 and
2.1), (2.5), (2.12), (2.14) for all t > 0,x € (0,1), where J = R+\I. Let the event-trigger parameters
B Ba, B3, n > 0 be free parameters. Further, let a;,a, > 0,w; > w; > 0, and subject to Assumption
I, let ay > O be chosen as in (3.14), and the event-trigger parameter p > 0 be chosen as in (3.18).
Let the MDT t > 0 be chosen as in (3.11), the sampling time 2 > 0 be chosen as in (4.4), (4.5) and
the initial conditions of m(f) governed by (3.2), (3.3) along the solution of (2.1)—(2.3), (2.5)-(2.14),
(2.21)—(2.24), (4.1) be chosen as in (3.19)—(3.21). Then, under the PETC approach (2.21)-(2.24), (4.1)—
(4.3), the closed-loop system consisting of the plant (2.1)—(2.3) and the observer (2.5)—(2.14) is globally
exponentially stable, satisfying the estimate (3.22).

Proof. The well-posedness, as stated in Theorem 1, is established by repeatedly applying Proposition 1
between successive triggering events. Given that the initial conditions of m(¢) are set according to (3.19)—
(3.21), Lemma 5 ensures that m(f) remains non-negative for all # > 0. Consequently, by following the
same reasoning as in the proof of Theorem 1, we can conclude that the closed-loop system under the
PETC strategy exhibits GES satisfying the estimate (3.22). O

RemMARK 3. Theorem 1 establishes that in the CETC framework, the parameters 8, 8,, B; must satisfy
the conditions B, 8,, 83 = 0 with at least one being strictly positive, i.e., 8; + B, + B; > 0. However,
in the PETC setting, as outlined in Lemma 4 and Theorem 2, these parameters are required to be strictly
positive. This guarantees the existence of a constant 2 > 0 ensuring that the relation (4.6) holds for all
te [nh (n+ 1)h) andn € [(tj + 1)/h, tj+]/h) NN.

REMARK 4. While the sampling period 4 > 0 must satisfy 7 < t where T > 0 denotes the MDT, its
value can be chosen with some flexibility. In the special case A = 0, from (3.12) we find

- @1~ @y . (4.23)

ar (o1 + 525) (00 + £25)

Rather than computing 7 exactly, we may select any t > 0 satisfying

1
0<t1<—r (4.24)

and then determine @, > w, from (4.23) as
W + % (0)0 + 2a_a12)

1 -ta, (wo—i- 2“712)

w, = (4.25)

Hence, the MDT 7 > 0 and, consequently, the sampling period 2 > 0 can be chosen with a certain
degree of freedom.
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 23

5. Self-triggered control

In this section, we focus solely on the problem of full-state feedback control, disregarding any observer-
induced effects discussed in Section 2. Consequently, the full-state feedback sampled-data control input
is given by

1
Uj=/ k()u(y, 1,)dy, (5.1
0

forall € [1;,1, ), where j € N and k(y) is specified by (2.22)—(2.24). The input holding error due to
sampling, denoted by d (), is expressed as

1
d() = /0 k) (10, 1) — u(y, ) dy, 52)

forall ¢t € [tj,t-H) andj € N.

Unlike CETC and PETC, the proposed STC does not monitor any triggering function to decide when
to update the control input. Instead, the next event time #; , ; is determined directly at the current event time
;, utilizing only the measurements obtained at r = 7; and r = #;_;. In contrast, CETC and PETC require
continuous measurements from the plant to compute the dynamic variable m(#) used in the triggering

function.

DEerNiTION 3. Let n, wy > 0 be free event-trigger parameters, and let p > 0 be an event-trigger parameter
to be determined later. The set of STC event times / = {1;} is defined as an increasing sequence

jeN>
satisfying lim,_, . #; = +-00 according to the rule:

t] :to + t,

B QA+ mG(ult;_y 1 ult])\

=T ( pe @7 (H (ult,]) + eo))’ N0 G-
where © > 0 is the MDT to be set, ¢, > 0,
G(ult;_y ) ul]) := wod* ()
1 2
= w()(/o k(y) (140” tj—l) - 140” t]))dy) > (55)
2 k 2

HGl)) = 2001 (24 050 ) g 12 5.5)

with k(y) given by (2.22)—(2.24).

Prior to presenting the main results under STC, we first establish several auxiliary results stated in
Lemmas 6 and 7. These results play a crucial role in proving the main findings outlined in Theorem 3.

Lemma 6. Consider the STC approach (5.1), (5.3)-(5.5), which generates an increasing sequence of

event times {#;};cy with 7, = 0, satisfying lim;_, ., #; = +o00. Then, for the closed-loop system (2.1)—
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24 B. RATHNAYAKE AND M. DIAGNE

(2.3), (5.1), and the error d(¢) defined in (5.2), the following estimates hold:

2 &2 |k|1* 2 2h(1—1)
lulell® < {1+ 2 l[ulz;]]%e 7 (5.6)

and
d*(1) < H(u[t]))e? ™", (5.7)

forall r € (tj, tj_H),j € N, where k(y) is given by (2.22)—(2.24), and H(u[tj]) is given by (5.5).
The proof is very similar to that of Lemma 3 of Rathnayake & Diagne (2024b), and hence is omitted.

Lemma 7. Consider the STC approach in (5.1), (5. 3) (5.5), which generates an increasing sequence of
event times {#;};cy with 7y = 0, satisfying lim = +o00. Then, the dynamic variable m(f) governed

by Mool
n(t) = —nm() + By uld]|* + Bou® (1,1), (5:8)
for all t € (z;, 1+ 7),j € N, and
i(t) = —nm(t) — pd* (1) + B |ulfl]|* + By’ (1, 1), (5.9)

for all t € [t; + 7.1;41).) € N, with T > 0 denoting the MDT to be selected, and constants 1, p > 0,
B1> By = 0, along with m(ty) = m(0) =0, m((tj +1)7) = m(tj + 1), and m(tj) for j € N_ defined as
m(tj) = G(u[tj_l],u[tj]) for any G(u[tj_l],u[tj]) > 0, satisfies m(¢r) > O forall > 0.

Proof. Considering (5.8), we obtain

t
) = D) + [ (N + ful (1,6))de
i (5.10)

> e " m(),

for all ¢t € (t 1+ t],j € N If m(t) is chosen as m(0) = 0 or m(t) = G(u[tj_l],u[tj]), for any
G(ult;_y1, u[t]) > 0, it follows that m(t) > Oforallt e (1, t;+1l,j € N

Now cons1der the time period when ¢ € (t + 1.4 +1) j e N_ . Recalling (5.7) and using (5.9), we
obtain

m(t) = —nm() — pH(ult])e* ™, (5.11)
from which it follows that
20T
m(t) > m(t; + .L-)e—ﬂ(t—tj—f) _ me—ﬂ(f—t]’—f) (e(2k+77)(t—tj—f) _ 1) (5.12)
= 20+ ’
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 25
forall ¢t € [tj + 7, th),j € N_;. Using (5.10), we note that m(tj +17) > e_'”m(tj), SO we obtain

pH (ult;])e™

m(t) > m(t;)e e N4~ _
(1) =m(z;) 20 +1

o N==7) (e(ZHn)(,,t_,,,) _ 1) , (5.13)

forallt € [tj + T,tj+1),j e N_g.

Define the function ¢; : R.; — R as follows:

pH(lG)e™ ™ pH(ulyDe

c;(s) == m(t)e™ " + e g e&Fms (5.14)
We observe that
¢;(0) = m(t)e”"" > 0, (5.15)
and
ci(s) = —pH(ult;])e*** P+ <, (5.16)

which implies that cj(s) is nonincreasing for all s > 0. Therefore, if m(tj) = G(u[tj_ 1],u[tj]) with
G(u[tj_l], u[tj]) > (0 and H(u[tj]) > 0, 1i.e., ||u[tj]|| > 0, then there exists a unique s* > 0 given by

o Miﬂm(lnﬁi;)—%), (5.17)
such that
¢ =0, (5.18)
and
¢;(0) > ¢;(s) > 0, (5.19)

for all s € (0,s™). Therefore, if events are triggered according to (5.3), where any g, > 0, it definitely
follows from (5.13) that m(t) > O for all t € (tj +7.04).) € N_ .

Thus, since Zeno behaviour inherently cannot occur under the STC approach (5.1), (5.3)—(5.5), we
conclude that m(¢) > 0 for all ¢ > 0. O

THEOREM 3. Consider the STC approach (5.1), (5.3)—(5.5), which generates a set of increasing event times
I = {tj}jen with £y = 0, satisfying lim,_, . #; = +o0. For every u[0] € L?(0, 1), there exists a unique

solution u : R, x [0,1] — R such thatu € CO(R+;L2(0, 1)) N CLJ x [0,1]) with u[z] € C2([0, 1],
satisfying (2.2), (2.3), (5.1) for all t > 0, and (2.1) for all # > 0, x € (0,1), where / = R, \ I. Let

920z Ateniga | uo Jasn obaiq ueg ‘eluioye) 1o AusisAlun Aq 0¥0S9E8/2y0IBUP/b/Z /oI e /IoWwewI/Wwod dno olwapese//:sd)iy Wol) PapeojuMo(]



26 B. RATHNAYAKE AND M. DIAGNE

ay,ay > 0, w; > wy > 0, and let a; > 0 be chosen such that

e B 3e2k3(1
a(): _l+—(),

5.20
. . (5.20)

where k(y) satisfies (2.22), and subject to Assumption 1, the parameters B, x| > 0 are chosen such that

‘ 11 & - . 20, L% 4 4oy [? + 2ax
B(smln[r— 5,5} - 2—1(1) —2B,[% —4B,[* — 28, — — a; 250 (521
with aq,a, > 0 given by
! 2
@, =3 / (K" () + ek(1k(y) + 2k(y))” dy, (5.22)
0
@y = 3 (sqk(1) + ek (1))*, (5.23)

and B, B, > O satisfying B; + B, > 0. Let the event-trigger parameter p > 0 be chosen as
o= aza)(z) + a,wy + ay, (5.24)

and let n > O be a free event-trigger parameter. Furthermore, let the MDT t > 0 be chosen as in
(3.11). Then, under the STC approach (5.1), (5.3)—(5.5), the closed-loop system (2.1)—(2.3) is globally
exponentially stable. More specifically, the following estimate holds:

lula)]l < M, e~ Ve ||ul0]], (5.25)

where My, > 0 and v}, > 0 are some positive constants.
Proof. The well-posedness in the sense of Theorem 3 is obtained by iteratively applying the results of
Proposition 1 pertaining to the plant (2.1)—(2.3) in between two events.

Let the initial conditions of m(f) governed by (5.8), (5.9) be chosen as

m(ty) = m(0) =0, (5.26)
m((t; +1)7) = m(t; + 1), forj €N, (5.27)
m(t;) = a)odz(tj_), forj e N_y,wy > 0, (5.28)

where d(¢) is given by (5.2). Then, note from Lemma 7 that m(t) satisfies m(¢) > O for all # > 0. Let us
consider a Lyapunov candidate defined as

Vi) = EIIW[I]II2 + (O () + m(0) (5.29)
3 = ) . .
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GLOBAL EXPONENTIAL STABILITY OF EVENT-TRIGGERED CONTROL 27

where f(7) : R, — R > Osatisfies (3.10), and B is chosen to satisfy (5.21). Note from Lemma 3 that f(r)
remains non-negative when MDT 7 > 0 is chosen as (3.11). In (5.29), w is given by the transformation

X
wx, 1) = u(x, 1) — / K, y)u(y, t)dy, (5.30)
0
where K (x,y) is given by (2.24). The inverse transformation of (5.30) is
X
u(x,t) = w(x,t) —I—/ L(x,yyw(y, t)dy, (5.31)
0

where L(x,y) is given by (2.32). Application of (5.30) on (2.1)—(2.3) together with the STC input (5.1)
leads to the target system

w,(x, 1) = ew, (x,1),¥x € (0, 1), (5.32)
w,(0,1) =0, (5.33)

valid for all ¢ € [tj, i 1+1).J € N, where r is given by (2.23). Then, we can follow very similar proof
procedure as the one presented in the proof of Theorem 1 to show that the closed-loop system is globally
exponentially stable. More specifically, it can be shown that

lula)]l < KLe™ %! |[u[0]]], (5.35)

- - 12
for all t > 0, where L is given by (3.16) and K = 1 + ( fol Jo K*(x, y)dydx) with K(x,y) given by
(2.24), and

. . v a n
Uje = min { 22, > 5}, (5.36)
with
eB (a1 L% + 20,L?)
Ve 1= = B L* — 28,17 ! “ 2 (5.37)
0

6. Numerical simulations

We consider a RD system with constant parameters ¢ = 0.1,A = 0.25,¢g = 2. The initial condition is
selected as u[0] = 10x2 (x— 1)2. For both CETC and PETC, we consider the observer-based problem,
where the initial conditions for the observer are chosen as #[0] = 0.
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Fic. 1. Dwell-times under CETC and PETC.

6.1. CETC and PETC

The parameters for both the CETC and PETC triggering strategies are selected as follows: we set 8; = 1
fori=1,2,3,along withn =1, a, = 1, wy = 10 and w; = 10000. Based on (3.6)—(3.9), we determine
the values p; = 0.3525, a; = 0.4622, a, = 0.7207 and a3 = 3.9677. We fix x; = 5, and select
B = 1750.6 to ensure that the condition in (3.15) is met. Utilizing (3.14), we compute a, = 437.8159,
and then assign a; = 2, /aya, = 41.8481. From equation (3.18), we obtain p = 956.2968. The resulting
MDT is calculated to be 0.032. Consequently, we choose a time step of At = 0.0001 for the numerical
integration of the plant and observer dynamics. In line with equations (4.4) and (4.5), we set the PETC
sampling interval as 7 = 0.001. For spatial discretization, a grid size of Ax = 0.005 is adopted.

Figure 1 presents the dwell-times for CETC and PETC. The control inputs for both methods are
shown in Fig. 2, demonstrating similar behaviour. Figure 3 shows the evolution of the L> norms under
CETC and PETC, which remain closely aligned. Finally, Fig. 4 illustrates the L? norms of the observer
error for both methods. The observer error is unaffected by the control input, since control does not
appear in the system equations (2.9)—(2.11).

6.2. STC

The parameters for STC is selected as follows: we set 8; = 1 fori = 1,2, along withn = 1,a, =1,
wo = 10, w; = 10000 and ¢ = 107°. Based on (5.22), (5.23), we determine the values a; = 0.3466,
oy = 0.5405. We fix k; = 5, and select B = 1057.4 to ensure that the condition in (5.21) is met.
Utilizing (5.20), we compute a, = 264.6262, and then assign a; = 2, /aga, = 32.5347. From equation
(5.24), we obtain p = 689.9729. The resulting MDT is calculated to be 0.038. Consequently, we choose
a time step of At = 0.0001 for the numerical integration of the plant and observer dynamics. For spatial
discretization, a grid size of Ax = 0.005 is adopted.

Figure 5 shows the waiting time iy —4—1T that satisfies (5.3)—(5.5), while Fig. 6 presents the
control inputs under STC. Although events are triggered aperiodically, the behaviour appears nearly
periodic with a period of 7. This is due to the conservative nature of STC, which does not check any
triggering conditions and relies only on measurements sampled at event times. Figure 7 displays the
evolution of the L? norms of the states under STC.
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FiG. 5. Values of ;| — #; — 7 satisfying (5.3)=(5.5)

7. Conclusions

This paper presents three modular PDE backstepping-based ETC designs for a class of scalar one-
dimensional RD systems. The proposed CETC, PETC and STC schemes achieve GES—a result not
previously attained for RD PDEs when dynamic triggering was combined with PDE backstepping. The
dynamic event generators are designed using time regularization, enabling the specification of a suitable
MDT, along with a switching dynamic variable featuring a state-independent dynamic reset. A novel
Lyapunov function is proposed to prove the GES claim. Moreover, our full-state feedback STC design
eliminates the need for continuous monitoring of the event generator by determining the next triggering
instant solely from measurements obtained at events. Simulation results are provided to support and
illustrate the theoretical findings.
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